Abstract. Let G be the F -points of a connected reductive group over a nonarchimedean local field F of residue characteristic p and R be a commutative ring. Let P = LU be a parabolic subgroup of G and Q be a parabolic subgroup of G containing P . We study the functor St 
Introduction
Let F be a non-archimedean local field of residue characteristic p. Let G be a connected reductive algebraic F -group and G denote the topological group G(F ). In a recent paper ( [AHHV17] ), Abe, Henniart, Herzig, and Vignéras have classified the irreducible admissible smooth representations of G over an algebraically closed field of characteristic p in terms of supersingular representations of Levi subgroups. There are two functorial steps in the construction of the irreducible representations. In this article, we study the behaviour of extensions and deformations under the first step (extension to a larger parabolic subgroup and twist by a generalised Steinberg representation). For the second step (parabolic induction), this has been done in [Hau16, HSS16] when char(F ) = 0 and [Hau17] when char(F ) = p.
Let R be a commutative ring. We write Mod those representations π such that π H is finitely generated over R for any open subgroup H of G). It is closed under taking extensions, thus it is an R-linear exact subcategory.
We fix a parabolic subgroup P = LU of G and we let G U denote the normal subgroup of G generated by U . A smooth R-representation σ of L extends to a smooth representation e G (σ) of G trivial on U if and only if it is trivial on L∩ G U , in which case this extension is unique ([AHHV17, § II]). We fix a parabolic subgroup Q = MN of G such that P ⊆ Q and L ⊆ M, and we writeQ = MN for the opposite parabolic subgroup. We let St Ḡ Q (R) denote the generalised Steinberg representation of G over R relative toQ ([GK14] when G is split, [Ly15] in general). We obtain an R-linear exact functor St
Extension from L to G
We do not make any assumption on R. We recall the description of G U as in [AHHV17, § II]. Let ι : G sc G der → G be the simply connected cover of the derived subgroup of G. Recall that G sc is the direct product of its almost-simple components. We let B be an indexing set for the isotropic almost-simple components of G sc and for b ∈ B we write G b for the corresponding component. We let B(P) ⊆ B denote the subset consisting of those elements b such that G b ⊆ ι −1 (P). By [AHHV17, II. 5 Proposition], we have G U = ι( b∈B(P) G b ).
Lemma 1. The group G U is perfect.
Proof. Since images and direct products of perfect groups are perfect, it is enough to prove that G b is perfect for all b ∈ B(P). Let b ∈ B(P). We write G b for the (normal) subgroup of G b generated by the F -points of the unipotent radicals of the parabolic subgroups of G b . Since G b is almost-simple and card(F ) ≥ 4 (indeed Let σ be an R-representation of L. If σ extends to an R-representation of G trivial on U , then any extension has to be trivial on
, we deduce the converse: if σ is trivial on L ∩ G U , then it extends uniquely to an R-representation e G (σ) of G trivial on U . Moreover, e G (σ) is smooth, admissible, or irreducible if and only if σ is (see the proof of [AHHV17, II. 7 Proposition]). Thus we obtain an R-linear fully faithful functor
which commutes with all small limits and colimits (and in particular the finite ones, so that it is exact) and respects admissibility.
Parabolic induction and ordinary parts
We do not make any assumption on R. Recall the smooth parabolic induction functor Ind
for all m ∈ M ,n ∈N and g ∈ G, endowed with the smooth action of G by right translation. It is R-linear, exact, and commutes with small direct sums. In the other direction, there is the ordinary part functor ([Eme10a, Vig16])
which is right adjoint to the restriction of Ind 
Generalised Steinberg representations
We do not make any assumption on R. Given a smooth R-representation σ of L trivial on L ∩ G U , we define a smooth R-representation of G by setting
) where Q = M N runs among the standard parabolic subgroups of G (i.e. such that B ⊆ Q and S ⊆ M ) strictly containing Q. There are natural isomorphisms Ind
for all standard parabolic subgroups Q = M N of G containing Q, which are compatible with the natural injections Ind 
Proof. We deduce from [AHV17, Lemma 7.10] that there is a commutative diagram of smooth R-representations of Q c-indQ
where the right vertical arrow is (5). We deduce from [AHV17, Corollary 7.14] that applying Ord Q to the horizontal arrows yields isomorphisms. Thus applying Ord Q to (5) also yields an isomorphism.
Applying Ind Ḡ Q to (6) and composing the result with (2) with π = St Ḡ Q (σ) yields a natural composite Proof. There is a commutative diagram of smooth R-representations of G
where the upper and lower arrows are (3) and (7) respectively, the middle vertical arrow is obtained by applying Ind Ḡ Q Ord Q to (5), and the right vertical arrow is (5). The left square is commutative by definition and the right square is commutative by naturality of (2). Since the upper horizontal composite is the identity of Ind Ḡ Q (e M (σ)), the lower horizontal composite is (5).
Proposition 4. Assume that R is noetherian and p is nilpotent in R. The functor St
Proof. We do not assume p nilpotent in R. The functor is faithful by (4), because e G is faithful and St Ḡ Q (R) is free over R. Let σ and σ be two locally
(this is automatically true if p is nilpotent in R).
There is a commutative diagram of smooth R-representations of M
where the vertical arrows are (6) and its analogue for σ , which are isomorphisms by Lemma 2, and ψ : σ → σ is the unique morphism making the diagram commutative (recall that e M is fully faithful). There is a commutative diagram of smooth R-
where the upper square is obtained by applying Ind 
Corollary 5. Assume that R is noetherian and p is nilpotent in R. The functor St
where the vertical arrows are the full inclusions (cf. [Vig16, Lemma 3.6] for the left one). Since the upper horizontal arrow is fully faithful by Proposition 4, so is the lower horizontal arrow.
Bruhat filtration
We do not make any assumption on R. Let σ be a smooth R-representation of L trivial on L ∩ G U . We write Q W for the set of representatives of minimal length of the right cosets W M \W and w M,0 for the longest element in W M . We set
where Q = M N runs among the standard parabolic subgroups of G strictly containing Q. In [Hau16, § 2.2] is constructed a natural filtration Fil
By taking its image via (5), we obtain a natural filtration Fil
We deduce from [AHV17, Lemma 7.10] that for all Q w ∈ Q W , there is a natural isomorphism
otherwise.
Higher ordinary parts
We assume R artinian, p nilpotent in R, and char(F ) = 0. The results of [Eme10b] remain valid over R instead of A (in op. cit. A is an artinian local Z palgebra with finite residue field; here R is naturally an artinian Z p -algebra but need not be local with finite residue field). In particular, there are R-linear functors
for all n ∈ N with H 0 Ord Q = Ord Q . They commute with small inductive limits, respect admissibility, and form a cohomological δ-functor
. Likewise, the results of [Hau16] remain valid over R instead of A.
. Using (9), it is enough to prove that
, it is enough to prove that
so that w M,0 Q w ∈ w Mα,0 Qα W , which contradicts the fact that
Corollary 2]), we deduce that Ord M ∩Q (e M (σ)) = 0.
Extensions
We do not make any assumption on R. Given two smooth R-representations π, π of G, we write Ext
Proof. The morphism is well defined since e G is exact. It is R-linear since e G is, and it is injective since e G is fully faithful. We prove that it is surjective. Let
be a short exact sequence of smooth R-representations of G. We prove that π is trivial on G U so that π = e G (π |L ). Taking the G U -invariants yields an exact sequence of R-modules
where the rightmost term is the R-module of G U -cohomology computed using locally constant cochains (cf. [Eme10b,  § 2.2] ). Since G U acts trivially on e G (σ), there is a natural isomorphism
where the right-hand side is the R-module of continuous group homomorphisms, and it is trivial by Lemma 1 (because e G (σ) is commutative). Using (10), we deduce that π G U = π.
Proposition 8. Assume that R is artinian and p is nilpotent in
Proof. The morphism is well defined since St 
Applying Ord Q α to (11) and using [AHV17, Theorem 6.1 (ii)] and Proposition 6 (if char(F ) = 0) or [Hau17, Theorem 1] (if char(F ) = p) yields a short exact sequence of admissible R-representations of M
By the induction hypothesis, there exists a short exact sequence of admissible R-
where the upper row is obtained by applying St 
and passing to theN α -coinvariants yields a commutative diagram of admissible (15) is the natural injection. Indeed, there are natural isomorphisms
(the first one is induced by the adjunction between (−)Nα and Ind Ḡ Q α together with [AHV17, Theorem 6.1 (ii)] and the second one is follows from Corollary 5).
We conclude that the middle and lower rows of (15) 
where the upper row is obtained by applying St Ḡ Q to (13) and the lower row is (11).
I-adically continuous representations
Let I be an ideal of R. We write Mod We assume I finitely generated. Given an I-adically
Using (4) with R/I n and σ/I n σ instead of R and σ respectively for all n ≥ 1, we see that (St for all n ≥ 1. Thus we obtain an R-linear functor
which respects admissibility when R/I is noetherian and p is nilpotent in R/I.
Proposition 9. Assume that I is finitely generated, R/I is noetherian, and p is nilpotent in R/I. The functor St
Ḡ Q : Mod I−adm L/(L∩ G U ) (R) → Mod I−adm G (R) is fully faithful.
Proof. By induction, R/I
n is noetherian and p is nilpotent in R/I n for all n ≥ 1. There are natural R-linear isomorphisms
(the first and last ones follow from the fact that St Ḡ Q (σ) and σ are I-adically complete and separated, the second one follows from (18) and its analogue for σ , and the third one follows from Corollary 5 with R/I n instead of R for all n ≥ 1).
Artinian deformations
Let E be a finite extension of Q p . We let O denote its ring of integers and k denote its residue field. Given a local O-algebra A, we let m A denote its maximal ideal. We write Art Proof. Let A ∈ Art(O). We prove that (19) induces a bijection between the Apoints.
We start with injectivity. Assume thatσ is locally Z M -finite (this is automatically true ifσ is admissible, cf. [Vig16, Lemma 3.6]). Let (σ, ψ) and (σ , ψ ) be two lifts ofσ over A such that there exists an isomorphism ı : St Letπ be a smooth k-representation of G. We say that Defπ is pro-representable if there exists a universal deformation ring R univ π ∈ Pro(O) so that there is a natural bijection 
Proposition 12. Ifσ is admissible, then (19) is an isomorphism of functors
Proof. This is a formal consequence of Proposition 10 (see the proofs of [HSS16, Lemma 3.14 and Theorem 3.15]). As in the proof of Proposition 10, we only need to assume thatσ is locally Z M -finite for the injectivity. 
